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HA3AN OIMABIEHUE BMNEPELQ

MnaBa 2

HEMNPEPbLIBHO-AETEPMUWHUPOBAHHbLIE MOLEJIN
ONHAMUYECKUX CUCTEM C KOHEYHbLIM
YMUCNOM CTENEHEN CBOBOAObI

PasnuuatoT AMHaMmUueckme U ctoxactuyeckue cuctemsr. [luHamuyeckue
CUCTeMbI OMUCBLIBAOTCS anrebpanyeckumm unmu anggepeHLmnanbHBIMU ypas-
HEHUSMU, @ XAPAKTepUsyrolme UX BeNUUYUHBLI U3MEHSHOTCS HenpepbIBHO TakK,
UTO Hebonbluoe OTHOCUTENbHOE U3MeHeHWe BHellHero BO3AeUCTBUS, BXOAHOMO
CUTHANA UKW NApameTpa NPUBOAUT K COMOCTABUMOMY U3IMEHEHUHD COCTOSHUS
cuctembl. Hanpumep: ABuXeHUE MaTepuanbHOM TOUKM B CUNOBOM MoJie,
3NeKTPOMArHUTHbIe KonebaHus B KonebaTenlbHOM KOHType, U3MeHeHue Yuc-
NeHHOCTU NONYAALUUU, USMEHEHUS KOHLIEHTPALUU TOro UM UHOro BelleCTBa B
XUMUYECKUX peakumax u T. 4. TTpu nsyyeHum nofobHLIX cuctem Ucnonb3yer-
€ HenpepbIBHO-AETePMUHUPOBAHHBIN MOAXOA, G COOTBETCTBYHOLMUE eMy Ma-
Tematuyeckme cxembl HasbIBaroTca D-cxemamum (OT aHrn. dynamic). AHanus
CUCTEeM C HebonblMM YUCIIOM CTeneHeu cBoboabl TpebyeT cOBMeCTHOro pe-
LeHUs HecKonbkux ypasHeHut [1; 6]. B paae cnyuyaes pelleHue 3aaauv moxert

6bITb HAMAEHO TOMbKO YUCITEHHBIMU METOACGMU.

2.1. Mopenu, Tpebylowue peLueHus
anre6panyecknx ypaBHeHUM

B HekoTOpbIX CNy4vasax KOMMbOTEpHOE MOAENUPOBAHUE U3YyYaeMoU Au-
HAMUYECKOU CUCTeMbI He TpebyeT BbIYUCNeHUS NPOU3BOAHBLIX U UHTErpasos, a
CBOAUTCA K pelleHUo anrebpanyeckmx ypaBHeHWM, UCCNefoBaHUFO (PYHKLUU
OLHOMO UMW HEeCKOSMbKUX apryMeHTOB MpacpUyeckumm metoaamm (NocTpoeHue

rpacpuKa, NOBEpXHOCTU, CUIOBLIX IUHUM, TUHUU TOKA, JIUHUIMA PABHOMO YpOB-
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H4, NOTeHUWana, TemnepaTtypbl, CBETOBLIX Jiydeu U T. 4.). icnonb3lyemas Kom-
NbFOTepHas Nporpamma AONXHA COAepPXaTb OAMH UIU HECKOMbKO BIIOXEeHHLIX
LIMKIIOB, B KOTOPLIX OCYLLEeCTBNAeTCS MHOrOKpAaTHOE BLINOSIHeHWe OAHOU U TOM
e BbIMMCIIUTESIbHOM Nnpoleaypbl, CBA3aHHOU C HAXOXAEHUEM 3HA4YeHUS PyHK-
LUK B Y311aX OAHOMEPHOU UM MHOTOMEpPHOMU CeTKU. Pe3ynbTaTbl BbIMUCIEHUN
BbIBOAATCS HA 3KPAH B YUCJIOBOM UMK TPaPUYECKOM BUAE: NneyaTaeTcs maccus
yucen, nNUbO CTPOATCA FPAPUKU, NMOBEPXHOCTU, U3ONUHUU, JTUHUU HAUBBICT-
peullero cnycka u T. A.

[loctaToyHO 4acto usyveHue TOro UNKU UHOTO npouecca TpebyeT pelue-
HUa anrebpauyeckoro ypasHeHus f(x)=g(x), KOTOpoe MOXHO 3anucaTb B
Buge F(x)=f(x)—g(x)=0. OAna pelweHUa TaKUX YpaBHEHUN WUCMNOSb3YHOT
npsmbie (TOYHbIE) U UTepauUOHHbIe (NpubnuxeHHbIe) metoabl [5]. B Bbrumc-
NUTeNbHOU maTematuke noA TOYHLIM pelleHUeM MOHUMAROT pelleHue ¢ Tou-
HOCTbFO [0 MOFpelWwHOCTU OKpYFrieHUs, KoTopoe BbiAasna 6b1 naeansHas 3BM c
6eCKOHeYHOW paspsSAHOCTbFO MALIMHHOTO CcnoBa, paboTarolwlas MO TOYHLIM
popmynam. TTpambie meToabl AAFKOT TOYHOE pelueHue, Npuvem YUCno apudg-
MeTUYeCKUX onepaumii moxet b6bITb OLeHeHO 3apaHee. Hanpumep, ANS TOYHO-
ro pelleHUs KBAAPATHOTO YpaBHeHWs cHayana onpeaensroT AUCKPUMMUHAHT, a
3aTeM HaxXoAAaT KOPHU C TeM KONMUYeCTBOM 3HAKOB, Ha KOTOpOe paccuuTaHa
ncnosnb3yemas Nporpamma. NtepaumoHHsre meToabl UMeroT creayHolume oco-
6eHHocTU: 1) nonyuyaeTtca NpubnUxeHHOe pelueHUe C 3aAAHHOM TOYHOCTLHO;
2) Ana ero HaxoxaeHWs TpebyeTcs BbINMONHUTL 6ONblIOE KONUYECTBO UTepa-
umii (NpubnuxeHuit); 3) Tpebyrolieeca YNCNO OnNepauuii 3apaHee Hen3BecTHO.

B cnyyae koraa yHkuma F(x)= f(x)—g(x) asnaetca NosIMHOMOM
NepBOn, BTOPOU UNU TpeTbel CTemneHU, MPUMEHAOTCA aHANMUTUYeCKUe MeTo-
AbI HAXOXAEHUA TOYHOro 3HayeHua KopHa. Ecnu xe F(x)- nonuHom uetsep-
TOU U 6onee BLICOKOWU CTemneHu, TPUroHoOMeTpuyeckas UnmU TpaHcLeHAeHTHas
(PYHKLMUS, TO UCNONb3YHOTCA YUCIIeHHbIe MeToAbl, Adrolpe NpUbNUXeHHBI
pe3ynbTat. TTpu 3TOM pelueHne cocTouT U3 Asyx 3tanos: 1) nokanusaums Kop-

HS, TO eCTb NpUbNUXeHHoe YCTaHOBMEeHUe YUCIIOBOrO UHTepBana, BHYTpU KO-
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TOpOrO OH HAXOAUTCS; 2) YTOUYHeHUe KOpHA MyTem yMeHblueHUs CoAepXallero
ero uHTepeana Ao Tpebyemoro 3HavyeHus .
Ana otpeneHus (nokanusaumu) KOpHeU MOXHO UCMONb30BATL TEOpemy:

ecnu 3HayeHus yHKUuU F(x) Ha KOHUax uHTepeana [a; b] umeroT pasHble
3Haku (npu 3tom F(a)-F(b)<0), To BHYTpU 3TOro UHTepBaNa COACPXKATCS He
MeHee 0QHOrO KOpHs ypasHeHUs F(x) =0,

Haunbonee npoctout cnocob YUCreHHOro pelueHUs ypaBHeHUs COCTOUT B
MCNOosb30BaHUU MmeToAa Tabynaumm. Ero anroputm 3aknrovaetcs B crneayto-

wem: 1) nokanusoeatb KopeHb ypasHeHus F(x)=0, To ecTb HaUTU UHTepBan
[a. b], BHYTpU KOTOpOro rpapuk PyHKUMU y = F'(X) OAHOKpATHO NepecekaeT
ocb abcumcc; 2) npotabynupoeatb @yHKUUO F(x) = f(x)— g(x) npu auckper-
HBIX 3HAYeHUAX aprymeHTa Xx; =a+ih, rae h = Ax - war nsmeHeHUs aprymeH-
Ta, i=123,..; 3) HaUTU wuHTepBan [X;,X;;1], BHYTPU KOTOpPOro PyHKLUS
y=F(x) nepecekaeT ocb abcuucc (npu 3TOoM 3HaueHua F(x;) n F(x;,q)
UMetrOT MPOTUBOMONOXHbIE 3HAKM), 4) ecnu WUpUHa UHTepeana [ x;,x;.1] npe-
BbILIAeT Tpebyemyro TOUHOCTb &, TO CYUTATb, YTO a =X;, b= X; |, U NnepelTu K
onepauuu 2, Tabynmupys PyHKLUUFO C MeHbLUUM LIAroM.

Bonee ynobHbIm saBnseTca meton nonosuHHoro aeneHusa. OH COCTOUT B
cneayrowem: 1) nokanusyrot kopeHb ypasHeHus F(x) =0, onpenenss copep-
Xawmi ero uHTepean [a; b]; 2) otpesok [a; b] nenat Toukou c =(a+b)/2
nononam; 3) ecnu F(c)=0, TO 3Ha4yeHUe X =cC U eCTb KOpeHb YypaBHeHUS;
eCcnu 37O He TaK, TO U3 ABYX OTpe3koB [a; ¢ ] w [c;b] BbIbUpaeTcs TOT, Ha rpa-
HULAX KOTOpOro yHKUMs »=F(X) umeeT NPOTUBONOSIOKHLIE 3HAKU
(F(a)-F(b)<0); 4) ecnu wupuHa oTpesKka, COAepXaLLero KopeHb, NpeBbIwaeT
3044aHHYHO TOYHOCTb &, TO CHOBA MOBTOPAHOT onepaumuu 2 u 3, To ecTb AensaT
BbI6GPAHHBIM OTPe30K MOMOJSIaM U BLIOUPAOT TOT, YTO COAEPXUT KopeHb. B npo-
TUBHOM cnyuae, - NpubnmnxeHHoe 3HaYeHUe KOpHS COBMNaaaeT ¢ OAHOM U3 rpa-

HUL OTpe3ka. B kauyecTBe npumepa paccmMoTpum pelueHue TpaHCLeHAEHTHOro

2 - - 2
yPaBHeHUs X~ =¢ *, KoTopoe MOXHO 3anucaTtb Kak e~ —x~ =0. CooTseTcT-
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BYFOLMM anroputm A-1, 3anUcaHHbIV B NcesaokoAe, npeactaeneH Huxe. Cy-
LLeCTBYHOT U ApYrue MeTOAbI YUNCIIeHHOTO pelueHUs NoAobHLIX ypasHeHUM [5;
12]: meTOoA NpocTOM UTepaLUU, MeTOA KACATesnbHbIX, MeTOA CeKylMX, MeToA

napabon u T1. 4.

Anroputm A-1

HAYAJIO IIPOI'PAMMEI

a:=0; b:=1; eps:=0.000001;

m: xX:=a; ya:=exp(-x)-x*x;

c:=(b+a)/2; x:=c; yc:=exp(-X)-x*x;

I[IEYATH a, b, c

ECIIM ya*yc>0 TO a:=c MHAYE b:=c;

ECJIM b-a>eps TO IEPEATM K METKE m;

[NIEYATE “KOPEHB JIEXUT B MHTEPBAJIE ”, a, b;
KOHEIL IIPOI'PAMMEI

B HexoTOpbIX cnyyasx cO3naHWe KOMMbFOTEpPHOW moAenu npeanosaraet
pelleHne CUCTeMbl anrebpamyeckux ypasHeHu. Hanpumep, pacyeT uenu no-
CTOSHHOTO TOKA U3 HECKOSIbKUX KOHTYpOB C WUCTOYHUKamu I[C metomom
Kupxropa TtpebyeT pelueHUs cucTeMbl anrebpamyeckux ypaBHeHUW, YUCIO
KOTOpbIX paBHO KoSiM4ecTBy BeTBeW. YTObbI paccumTaTbh TpexpasHyro Lenb,
Heob6Xo0AUMO pellnTb CUCTEMY U3 HEeCKONMbKUX YPABHEHUM B KOMMIIEKCHBIX
yucnax. [ns peweHUs cUCTeM JNIMHEUHBIX YPABHEHWUM Takke UCMOSb3yHoTCS
TOYHbIe (KOHeuYHbIe) U NpubnuxeHHbIe UTepaumoHHbIe (6eCKoHeuHbIe) MeTo-
Abl. TOYHbIE MeTOoAbI MO3BONAFOT MOJIYYUTb TOYHOE pelleHUe C MOMOLLbHO
KOHe4yHoro umucna onepaumn. K HUM otHocatcas metoa Kpamepa, metoa wc-
knroveHus [aycca, coctoawm B MpuBeAeHUN MATPULLI KOIPEPULIMEHTOB K
TpeyronbHomy Buay. TTpubnuxeHHbie meToabl MpeAnonararoT MNOCTpoeHue
UTepaLUMOHHOro npouecca, KOTOpbIM AdeT MNOCnefoBaTeslbHOCTb 3HAYeHUM,
npU onpeaeneHHbIX YCNOBUAX CXOASWYHOCS K TOYHOMY pelleHUr0 CUCTEeMBI.
O6b1uHO orpaHuumearotTca nepebiMmu 100 unu 1 000 utepauuii, YTo nossonser

onpenenuTb NpUbNUXeHHOe pelueHue ¢ 3aAaHHOM TOYHOCTbLHO.
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MeTonom Maycca MOXHO pewmnTb nobyro CUCTeMy NIMHeMHBLIX anrebpaum-
YeCKUX YpPaBHEHWM, OAHAKO B CNy4vasx, KOraa ypaBHEHUS UMerOT AOCTATOYHO
MHOIO HyJ1eBbIX KO3(PPULMNEHTOB, UTEPALMOHHbLIE MeTOAbI NO3BONAHOT MOJY-
UUTb pe3yNbTaT 3a MeHbllee KONMUYeCcTBO LAroe U TpebyroT MeHbwU 0bbem
namatu. [1nsa pelweHns cucTembl HeNUHEMHbIX YPAaBHEHUU UCMONb3YHOTCS NpU-

61MXeHHbIe MeTOAbL: MeToA NPOCTOM uTepaumm, metoa HoroToHa [12].

2.2. YncneHHoe pelwieHne 00bIKHOBEHHbIX
anddepeHumnanbHbIX ypaBHEHUN

TToBepeHWe AUHAMUYECKUX CUCTEM OMUCBLIBAETCS PYHKLUUSMU Henpe-
pbIBHOrO aprymeHta. Ho uumpposas 3BM obpabatbieaeT UHpOpMALUIO AUC-
KpeTHO: ee Mporpamma COCTOUT U3 OTAeSIbHBIX KOMAHA, LUMWKNOB, MOANpO-
rpamm, npolenyp, KaxAas U3 KOTOpLIX OCYLecTBseT OTAesNbHbIN aKT npeob-
PA30BAHUA UCXOAHBIX AAHHBIX. TTO3TOMY NMpUMeHseTCs meToa ceTok, Npeano-
nararoWmii  AUCKpeTU3aUmnto 06nacTm UMeHeHUs aprymeHToB, nepexon OT
(PYHKLIMU HENpepbIBHOrO aprymMeHTa K (PyYHKLUU AUCKPETHOro aprymMeHTa.

YacTo uccnenyemoe ssneHue unm npouecc OonucbIBaeTcs ObbIKHOBEeH-
HbIM AUPepeHUManbHEIM ypasHeHuem (OL1Y), cBa3bIBAFOWMM HE3aBUCUMYHO

MNepemeHHYHo X, UCKOMYHO PYHKLMFO ) U HEeCKOMbKO ee MepBbIX NMpOu3BOA-

HbIX: F(x,y,y',...,y(”)):O, rAe n - NOpSAOK cTaplwen npoussoaHOU. PyHk-
uma y = f(x) HasbiBaeTcs peleHuem ONY, ecnu npu ee NOACTAHOBKe AU-
(PypasHeHue npespallaeTcs B UCTUHHOe BbICKasbIBaHue. JIkoboe OLY umeer
6eCKOHeYHO MHOTO pelleHUM, Ang BLI6OPa UCKOMOro HeobX0AUMO y4eCTb Ha-
JanbHbIEe YCNOBUA.

Ona yicneHHoro peleHus NOAo6HLIX ypaBHEHUW UCMOSb3yeTcs MeTOoA
KOHeuYHbIX pa3HOCTeW, 3akNrouarowmiics B creayrowem. O6nacTb HenpepbIB-
HOrO U3MEeHeHUs apryMeHTOB 3aMeHAHOT CeTKOU U MepexoasaT K (PYHKLUSM

AUCKpeTHOro aprymeHTa. TTpoussoaHble, BXoaslWMe B AUPEPYPABHEHUS, 3ame-

43



Maiiep P. B. KomnbrorepHoe MmoienupoBanue: y4ueo.-MeTo 1. ocoOue sl CTYICHTOB TE/IBY30B

HSFOT COOTBETCTBYFOLMMU UM KOHEYHO-PA3HOCTHLIMU GNMPOKCUMALIMSMU, G
WHTerpasnsl - CYMMamm ¢ 60NbWUM, HO KOHEYHbIM YUCITIOM CNAraemblx, B KO-
TOpPLIX CKNAAbIBAFOTCA Hebosblne, HO KOHeuHbIe BelMUUHLLI. Mcnonb3osaHue
3TOr0 MeTOAA ANS peleHUs AUNGQEPYPABHEHUU NPUBOAUT K TOMY, YTO Mosyua-
eTcs cucTema anrebpanyeckux ypasHeHUM, COAepXalmx 3Ha4eHUs UCKOMOWU
(PYHKLIMU B Y3/10X CETKM.,

Kak u3BecTHO, npoussoaHas @yHKUUU y = f(Xx) - 3TO Npefen OTHOLWe-
HUA npupalieHna gyHkumMm Ay = f(x+ Ax) — f(X) K npupalieHUro aprymeHTa
Ax B cnyuvae, koraa npupalleHue aprymeHTa ctpemmtcs k 0:

.

y= lim &= Jim JOFA) =) _dy
Ax—>0AX  Ax—0 Ax dx

TTpu 3TOM AuppepeHuman dx - 6eckOHe4YHO marioe NpupalleHue aprymeHTa, a
dy - COOTBeTCTBYHOLIAS eMy NIUHelHas 4acTb npupalleHus gyHkuuu. TTpous-
BOAHAS XApaKTepusyeT BLICTPOTY U3MeHeHUsS (PYHKLMU U KPYTU3HY Fpacpuka B
AGHHOM Touke x. OHa paBHA TAHTeHCY yrna mexay KacaterbHOU U MOSOXU-

TenbHLIM HanpaefieHWem ocu abcumcc. YactHas npoussoaHas Of /Ox| YHK-
LMW MHOTUX NepeMeHHbIX f(X],...,X, ) NO NepemMeHHOU X| B TouKe (Xi,...,X,) -
npefen OTHOWeHUA npupawieHUa @yHkuuu f(x; + Axy,...,x,) — f (X5, X)) K
npupaweHnro aprymeHtTa Ax; npy Ax; —© U PUKCUPOBAHHBIX 3HAYEHUIX
OCTASbHBIX HE3aBUCUMBIX MepemeHHbIX.

Ona uucneHHOro AnPepeHUUpOBAHUA UCMOSIb3YyeTCS MeTOA CeTOK: 06-

NAacTU HenpepbIBHONO WU3MeHeHUS aprymeHTOB YHKUUU V= f(Xx|,...,X,,T)

3GMEHSHOT KOHEYHbIM MHOXEeCTBOM Y3108, 06pasyrolmX OAHOMEPHYHO WnU
MHOTOMepHYHO NPOCTPaHCTBeHHO-BpemeHHyro ceTky [2; 3; 5. 15]. OT pyHKuuu
HenpepbIBHOrO aprymeHTa nepexoasaT K (PYHKUUU AUCKPETHOrO aprymMeHTa,
APUBNINXKEHHO BbIYUCNAFOT ee 3HAYeHUS HA PasnUYHBLIX BPeMEeHHbIX CRosX,
HaxoAaT MPOU3BOAHbIE U UHTerpansl. TTpy 3TOM 6eCKOHeYHO marble npupa-

LweHUa @yHKuuU y = f(x},...,X,;,T) U NpUpPALLEHUS ee apryMeHTOB 3aMeHSHOT-

C4 MANbIMU, HO KOHEYHBIMU PA3HOCTAMMU.
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TTycTb 3aaaHa pyHKUMA ¥ = Y(x). Pazobbem uHTepBan [a; b ] Ha anemen-

TapHbIe OTPe3KU ANMUHOU h = Ax, NOMy4YnB KOHeUYHOe MHOXeCTBO Y3J10B CETKU

X;j=a+iAx,rpe i=12,..N,a N - uucno ysnos. TTpu 3TOM MbI Nepexoamm
OT HenpepbIBHOM 0bnactn (2 k ceTke (4., OT PYHKLUU HenpepbIBHOro apry-
MEHTa K PYHKLUU AUCKPETHOro aprymeHTa y; = y(X;). 3anuwem ana Hee paa

Tevinopa:

(x—x;)

(x— xi)2
! !

+y"l-—+...+y§

o (x—x)"
; i LA

y(x) = y(x;)+ ' T

PN N Gy
Y1) = y0) + 1 06) 34 07 06) S V()
rae h = Ax =x—Xx;. OrpaHUUYMBAACb NepBLIMU ABYMSA CJIAraembIMU B NPABOU
4yacTu, nonyyaem npubnuxeHHoe paeeHcTBO: Y(x;.;) = ¥(x;)+ »'(x;)Ax. OHo

Xe cneayeT U3 onpeaeneHUs NpousBoAHOM:

y':@: lim Aysz:yi+l_yi
dx Am—0Ax Ax Ax

INesas u npasas pasHOCTHbIE MPOU3BOAHLIE MEPBOro NOPSAKA B TOYKE C KOOp-

. Y =Yty (x)Ax.

AWHATOU X; MOTYT 6bITb HaAeHsbI Tak (puc. 2.1.1):

y(x;)—y(x;_y) ' N y(x;1) — y(x;)
Ax ‘ Yy (xi)+ ~ Ax :

yi(x)- =~

v flx)

|
Yir] L
| | |

= 4 ==
X 0 Liog Xy Ly X

Puc. 2.1. PasHocTHas annpokcumaumus nepeom NpousBOAHOU

LleHTpanbHas pa3sHOCTHas NpousBoAHAs NepBoro nopsaka pasHa (puc. 2.1.2):
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yv(xi) ~ y(xi+1;;;}(xi—l) .

[lna BTOpOV NpOU3BOAHOM MOMYUYUM:

() w2 Ce) ZV6) ) =) y06) = (X))

Ax Ax? Ax? ’
y”(X~) ~ y(xi+1) _2y(xi) + y(xi—l)
1 sz :

Uem meHble war ceTku Ax, Tem BbIle TOYHOCTb HAMAGHHBLIX MPOU3BOAHLIX.
PaccmoTpum HecTaUMOHApHYHO 3aAavy: MO U3BECTHOMY HAYASIbBHOMY CO-

CTOSHUFO CUCTeMBI B MOMEHT T() U 3aKOHy ee 3Bonrouum x = f(x,X,7) Heob-
XOAUMO OnpefenuTb COCTOSHUE CUCTeMbl X(T) B MOCMeAyrolue MOMEHTbI

BpemMeHu 7. B 3Tom cnyuyae aprymeHTOM aBnseTcs Bpemsa 7, MO3TOMY BpeMeH-

Hyro 06nacTb AUCKPeTU3UpYHOT ceTkou T =17y +1A7, t =0,1,2,... 3apaya pewa-

eTCa MeTOAO0OM KOHeYHbIX pGSHOCTeﬁ: cHayana onpependeTca CoCctosHUue cuc-

Tembl x| = X(7g + AT) B MOMeHT BpemMeHu T + AT, 3aTeM OHO paccmaTpuBea-
eTCca KaK HayanbHoe U YCTAHABITMBARTCS COCTOSHUE CUCTeMbI Xy = X(T( + 2AT)
B MOMeHT 7\ +2A7, nocne 310ro Haxoautca x3 = x(7g +3A7) v 1. A. Hanpu-
mep, npu peweHun OLY nepeoro nopsaka: X(7)— f(x(7),7) =0 nonyuarotcs
cnenyrolwme KOHeYHO-pa3sHOCTHbIE YPaBHEHUS:
(le—xt)/AT:f(xt,t), xt+1=xt+f(xt,t)AT.
Apyrum metoaom peweHus OL1Y asnsetca metoa PyHre-KyTTa. CywHocTb

metoaa PyHre-KyTta ueTBepTOro nopsaxka BbIpaxaetcs — CneayroLmmu

Ppopmyniamu.
Vil Zyl-+(k1 +2k2 +2k3 +k4)/6,
k1=h-f(xi,yl-), k2=h-f(xi+Ax/2,yi+k1/2),

ky=h-f(x; +Ax/2,y;+ky/2), ky=h-f(x; +Ax,y; +k3).
CTporoe 060CHOBAHUE 3TOTO MeTOAA MOXHO HAUTU B yUYebHUKe MO YUCNEeHHbIM
metoaam [4; B].
OfY stoporo nopsaaka ax(t)+bx(r)+kx(t)— f(r)=0 npueoauTtca K

cuUcCTeme U3 AByX ANPPepeHLNanbHbIX YpaBHeHU NepBoro NopsaKa:
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x(t)-v(r)=0, avo()+bo(t)+kx(t)— f(r)=0,
KOTOpbIe pelaroTcs MeTOAAMU, paCCMOTPeHHbIMU BbIwe. MOXHO nocTynuThb
WHa4e: BCe NpPOU3BOAHbLIE 3AMEHUTb KOHeYHO-pasHOCTHLIMU annpoKCUMALUA-

MU, @ 3aTem BbIpasUTb X Hanpumep, ans ypasHeHUs He3aTyXaroWwmx Kone-

baHuu X + a)gx =0 nonyuyaem: (x"‘_1 —2x' + le)/At2 + a)gxt =0. Orvcrona

t+ -1

cneayeTt: X ooy —x —a)gxtArz, v’ :(xt+1—xt_1)/(2Ar). 370 meToA

t+

Bepne. [1na Hauana utepaunoHHOrO npouecca cnieayeT HaUTU X o pop-

myne: X =x yolAr.

[na uHTerpupoBaHUa ypasHeHUU ABUXeHUa Tuna X =F,./m=a, Takxe
MOXHO UCNOMb30BaTb anroput™ Bepne B cKOpOCTHO popme, BLIPAXAFOLLMIA-

CS ypaBHeHUaSMU:

R +U§CAT +a§CA72 /2, Ufcﬂ = Ufc 4—(61?rl +a;)AT/2-

OH sBngeTca camocTapTyrolWmMes U umeeT boree BLICOKUM NOPSAOK TOYHOCTU
MO BpeMeHU, Yem anroputm dinepa. CylwecTByrOT U Apyrue MeToAbl YNCTIeH-
Horo peweHus OQY [3; 4; 5; 8; 11; 13; 14]. CpeAn HUX YTOUYHEHHbIW U UCNPAB-
NeHHbIN MeToAbl Junepa, MeToA MpPOrOHKU, MeTOA MpOrHO3a U Koppekuuu
(NpeavKTOp-KOppeKTOpHbIe mMeToAbl AAAMCAa), MeToA MPUCTPeSiKU, MeToabI C

aBTOMATUYECKMM BLIGOPOM LIara v apyrue.

2.3. NMpnmepsbl pelieHns 0ObIKHOBEHHbIX
anddypaBHEeHUN YNCNIEHHBIMU MeToAaMU

Yacto coszpaHue mopenu TpebyeT pelweHus 3aaaum Kowwm, cocToduler B

HaXOXAEHUU YHKUMU Y = f(X), YAOBNETBOpAHOLWEN HeKOTOPOMY OOLIKHO-

BEHHOMY AUMEPepeHLMarnbHOMY YpaBHeHUHO F(x,y,y',...,y(”)) =0 u Hauano-

HeIM ycnosuam 1(0) =y, V' (0)=y, V' (0)=y,, .., y(”_l) =y,_1. Yucno

HAQYanbHLIX YCNOBWUM 1 pPaBHO MNOPAAKY AUP@YypasHeHUs. Paccmotpum He-
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CKONbKO 3aAay, Tpebyrowmx peleHUus O6bIKHOBEHHBIX AUgEPepeHLManbHbIX
YpaBHeHU MeTOAOM KOHeUYHbIX pasHOCTeM.

3anava 1. [IsuxeHue maTepuanbHOMU TOUKM OMUCHIBAETCS YpaBHeHUuem
x(t) = 37 -3t + 4. OnpeaenuTe CKOpOCTb U YCKOpeHue (nepeyto X U BTOPYHO
X npousBoAHbIe PYHKUUU X(f)) B MOMeHT BpemeHu 2 c. Haiaute npouaeH-

HbIA NyTb (UHTerpan [ AAGHHOW (PyHKUUM) 3a UHTepBan BpemeHu ot 1 po 3 ¢
MeTOAOM Tpaneuwuid. PelunTe 3a4a4y aHANUTUYECKU U CPABHUTE pe3yJsibTaThl.
[na peweHus 3ToM 3aaa4m ucnonbsyetca nporpamma T1P-1 (TTpunoxe-
Hue), paboTarowiaa no anroputmy A-2. TTpy ymeHblweHun wara Af nonyuvaro-
WMecs 3HaYeHUs NpOU3BOAHOU U UHTerpasna CTpemaTcs K HeKOTOpbIM npe-
AesfbHBIM 3HAQYeHUSM, KOTOpble COBMAAGHOT C GHANUTUYECKU HAMAEHHLIMU

3HQYeHUAMU NPOU3BOAHOMN X U UHTerpana [ gyHKUUW.

Anroputm A-2

SAIATE $YHKIMIO Funct:=t*t*t-t*t+3;
HAYAJIO INIPOI'PAMMEI

t:=3; h:=0.001;

yl:=Funct(t-h); y2:=Funct(t); y3:=Funct(t+h);

[IEYATE "llepBass npomseBogHass ", (y2-yl)/h

[IEYATE "BTopass npomsBogHass ", (yl-2*y2+y3)/(h*h)

a:=1; b:=3; t:=a; S:=0;

I[NIOBTOPATE { S:=S+0.5* (Funct(t)+Funct(t+h))*h; t:=t+h; }

I[IOKA HE t>b;

[IEYATE "UuTerpan ", S
KOHEL, IIPOI'PAMMEI

TTpy ymeHblleHUU Wwara TOYHOCTb BbIYMCIIeHUM obbiuHO BO3pacTaeT. Ec-
N XKe LWAr oYeHb MaJsl, TO ANS HAXOXAeHUS UHTerpana NpUxXoamnTCs CYMMUpO-
BATb CNULIKOM 60MblUOe YUCNO CNArdemMbIX, YTO NPUBOAUT K CHUXEHUHO TOM-
HOCTU U YBelIMYeHUIO BPeMeHU BLIYUCIIEHUI. TOYHbIe 3Ha4YeHUs MepBbIX ABYX

MNPOU3BOAHBLIX U UHTerpana npuseaeHbl B HUXHeWN cTpoyke Tabnumuer 2.1.
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Tabriya 2.1

War At X X 1

0,2 21,120 30,000 42,200

0,1 22,530 30,000 48,177

0,01 23,850 30,000 42,584

0,001 23,985 30,000 42,000

0,0001 23,998 30,006 42,000

0,00001 24,000 30,268 42,001
Tou4HOe 3HaYeHue 24 30 42

3apaua 2. Touka ABMXeTCca NO 3akoHy: x =3cos(?), y=2cos(3,7t+2).
Bbrumucnute KOOpAUHATLL X, V, NPOEKLUUU U MOAYJIU BEKTOPOB CKOPOCTU Dy,
Dy, U U YCKOpeHus ay, a,,, a, HOpMarbHoe a, W TaHreHUMansHoe a; yckope-
HUa B NocnefoBaTesibHbIe MOMeHTLI BpeMeHu § =iAf, i=1,23,....

Ncnonbsyetca nporpamma TTP-2. PacyeTt npoekumit ckopoctu U yckope-

HUS HQ OCU KOOPAWHAT OCYLUeCTBNSeTCS MeTOAOM YUCSIEHHOTOo AUggepeHLU-

poBaHUS: v, = (x“rl -x")/Ar, L, = (yt+1 — /AT,
1 1
a, :(uf:r —U;)/AT, a, =(U§,+ —U;)/Al‘,

Moaynu BekTopos U, d, TaHreHUMUANbHOE U HOpMAsibHOE YCKOpeHUs BbIYUC-

NArOTCA NO POPMYNAM:

_ 2 2 . 2 2 . _ 2 2
V=.Uy +L,, a=.lay+a,, a, =acosa, a, =+a" —a; ,

rae a - yron mexay U u d. Ero kocuHyc paseH:
ay +a,v,

CoOSx =
av

Pe3YJ'IbTClTbI BbIYUCJIEHU BLIBOAATCS HA 3KpaH B YXNCITOBOM BUAE.

3anaya 3. Pewwute AngppepeHuUManbHoe ypaBHeHWe MepBoro nopsaaka

y',—sin(x) =0 meTopom diinepa. TTonyumte cemMeCTBO pelieHUit, CooTBeTCT-

BYFOLIMX PA3SIUYHBIM HavasbHLIM ycnosuam vy = y(0) =C.
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3anuwem ypasHeHUe B KOHEYHBIX pa3HOCTAX:

ﬂzsin(x)’ yl+1 Vi
dx Ax

Y1066 NONYYUTL ero pelueHue, HeobX0AUMO NMepeMeHHOU ) MPUCBOUTL 3Ha-

=sin(x;), Yy =y; +sin(x;)Ax.

ueHue yo=»(0), a 3aTem B UMKNe paccumTaTb MNocneayrolme 3HaYeHUa ),
npu i=12,... B COOTBETCTBUU C NpUBEAEHHLIMU BbIWe popmyniamu. B npo-
rpamme TTP-3 pewaetca ypasHeHue Y. '—sin(x)=0 npu Tpex pasnuUYHLIX Ha-
yanbHeix ycnosuax y(0)=0, 0,5, 1. Cootsetctyrowmm anroputm A-3 npu-

BeAeH Huxe. TTonyyaetcs CemMeUcTBO U3 TpeX (PYHKUUU, OTNIUYGHOLUXCS Ha

NOCTOSHHYHO BenuuuHy (puc. 2.2.1).

Anroputm A-3
HAYAJIO INPOI'PAMMEI
o j:=0 OO 3 IOEJATH {- '"MeTon 3nuiepa
dx:=0.01: y:=.5%*]
T i:=1 0O 1000 OEJIATH {--
FNN:=sin(x); x:=i*dx; y:=y+FNN*dx;
IIOCTABUTE TOYKY C KOOPIOMHATAMM (x, y) --} -}
KOHEILl INPOI'PAMMEI

! !

LAt
AL

Puc. 2.2. PesynbTaTel pelweHus auopopypasHeHui (3aaauv 3 u 4)

3aaava 4. Pewute 06bIKHOBEHHOE AUMEPepeHLManbHoe ypasHeHue BTO-

poro nopsaka v, '—f(x,y,y,')=0 metopom 3iinepa. HauanbHeie ycnoeus

¥(0), y,"'(0) 3apaHsI.
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OduppepeHumanbHoe ypasHeHUe BTOpPOro nopsaka nNpeAcTasumo B Buae
cuctemsr Asyx OLY nepsoro nopsaka:
yy'=dyldx =[xy, )=a,  y'=dyldx.
Ncnonbsyem cxemy Suinepa:
ViV M= fy, v )=a,  Vig=0inm—yi)/Ax.
Vig=yitalx,  yi =Y+ i Ax.

B nporpamme TIP-4 co3paaH UMKN No i, B KOTOPOM MepecuUTbIBAFOTCS 3HaYe-
HUa8 y;, ¥;' 1 pewaetcsa ypasHeHue y.'+0,1y.'+1,2y —5sin(x)=0. Mcnons-
3yembI npu 3TOM anroputm A-4 npeactasnieH Huxe. Pesynbtar pelseHus

npeacTtasneH Ha puc. 2.2.2.

Anroputm A-4
HAYAJIO ITPOT'PAMMEI

y = 20: dx = 0.01 '"MeTopn 3uiepa
T 1 =1 OO0 5000 OEJIATBE {-

X = x + dx

pr2y = 5 * SIN(x) - .1 * prly - 1.2 * y

prly = prly + pr2y * dx; y =y + prly * dx
IIOCTABUTE TOYKY C KOOPIOMHATAMM (x, y) -}
KOHEIL, ITPOI'PAMMEI

3aaava 5. PewuTte 0bbIKHOBEHHOE AUMPPepeHLmnanbHoe ypasHeHue Buaa

Yy —f(x,y) =0 metonom PyHre-KyTTa ueTBepTOro nopsaxa.

CylWHOCTb MeTOAa U3NOXeHa B npedblayliem naparpage. B kauvectse
npumepa paccmoTpum ypaeHeHue V. '-2sin(x)+0,5/y =0. Ona ero peweHus

ucnonbsyetca anroputm A-5 (nporpamma TTP-5). PesynbTat - Ha puc. 2.3.1.

Anroputm A-5
BAJATHL $YHKIMIO FNN(x, y)=2*SIN(x)+.5/y
HAYAJIO MPOI'PAMMEI
y =1: dx = .01
INsT i = 1 OO 1500 HOEJATBH {-

51



Maiiep P. B. KomnbrorepHoe MmoienupoBanue: y4ueo.-MeTo 1. ocoOue sl CTYICHTOB TE/IBY30B

x = 1 * dx; k1l = FNN(x, y);

k2 = FNN(x + dx / 2, y + dx * k1 / 2)

k3 = FNN(x + dx / 2, y + dx * k1 / 2)

k4 = FNN(x + dx, y + k3)

y=y+dx/ 6* (kL + 2 * k2 + 2 * k3 + kd)

IIOCTABUTL TOYKY C KOOPIMHATAMA (x, y) -}
KOHEIL] IIPOI'PAMMEI

! Y

S|
8

Puc. 2.3. PesynbTaTbl peweHus amopopypasHeHui (3aaauv 3 u 4)

3aaauya 6. Pewute aAupgepeHumnanbHoe ypasHeHUe BTOPOrO MNOpAAKa

V' = f(x,7,7,")=0 metonom PyHre-KyTTa yetBeptoro nopsaxa. HayanbHble
ycnoeua y(0), y.'(0) 3apaHsr.

OauvH 13 cnocoboe cocTouT B crieayrolem. 3anUcbIBatOT AaHHOE ypas-
HeHue B BUAE CUCTeMbI ABYX AUPPYPABHEHUI NepBOro NOpSAKa U UCMONb3y-
FOT paccmoTpeHHyro BbIle cxemy PyHre-Kytta. TTporpamma TIP-6 pelwaet

ypaeHeHue V,''+0,25y,.'+0,9sin(y) =sin(x), pe3ynbTat - Ha puc. 2.3.2. TTpu-

MeHSeMbIN anroputm A-6 npuseaeH Huxe.

Anroputm A-6
BAIATE SYHKIMIO FNN1 (x,y,prl)= SIN(x)-.25*prl-.9*SIN(y)
HAYAJIO INPOI'PAMMEI
y =2: v=0: dx = .01
oA i = 1 00 8000 OEJATBH {-
x =1 * dx: kl = FNN1(x, y, prl)
k2 = FNN1(x + dx / 2, y, prl + dx * k1 / 2)
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k3 = FNN1(x + dx / 2, y, prl + dx * k2 / 2)

k4 = FNN1(x + dx, y, prl + k3)

prl = prl +dx / 6 * (k1 + 2 * k2 + 2 * k3 + k4)

y =y + prl * dx

[IOCTABUTEL TOUYKY C KOOPOMHATAMU (x, y) -}
KOHEIL] ITPOI'PAMMEI

3aaaua 7. PewuTe augppepeHumanbHoe ypasHeHue mix + rx + kx =0 me-
TOAOM JMinepa ¢ NONYyLArom.

310 oaHopoaHoe [1Y onuckieaeT 3atyxarowme konebaHus. CylWwHOCTb me-
ToAa dinepa ¢ NOMyWaArom B TOM, YTO ANA HAXOXAeHUS X, V=X, a=X B
MOMeHT T + AT cHauyana onpenensroT 3TU BeNIMYMHLL Ha cepefuHe UHTepeana

[7;7 +A7] B mOMeHT T+ A7/2, a 3aTeM UCNONb3YrOT HaAMAEHHbIE 3HaYeHU.

KoHeuHOo-pasHOCTHbIE YpaBHEHUS BLIrNSAAT TakK:
a' =—(kx' +r0")/m, X2yt +u'AT/2, o T2 _pt +a'Ar/2,

a2 =—(kxt+1/2 +rut+1/2)/m, xt+1 -~ +Ut+1/2AT, Uz‘+1 N +at+1/2AT.

B nporpamme TTP-7 3Ta 3aaava pelaeTtca metoaom dunepa (rpapuk - Henpe-
PLIBHAS JIMHUS) U MeTOAOM Dinepa ¢ nonywarom (rpacuk pucyeTtca TOYKa-
Mu). CpaBHUBAS 3TU pellieHUs, MOXHO OBHApYXWUTb, YTO NPU yBenUYeHUM Lwara

Ao 0,03, a Takxe Npu 6oNblINX T pelueHUs He COBNAAANOT.

2.4. KpaeBble 3apa4n Ansi 00bIKHOBEHHbIX
anddepeHumnanbHbIX ypaBHEHUN

B HekoTopbIX cnyyasx BO3HUKAeT HeObXOAUMOCTb pelueHUs KpaeBoMu 3a-

AQYU AN OBLIKHOBEHHOrO AUMPPYpPABHEHUS F(x,y,y',...,y(”))zo. OHa co-
CTOUT B HAXOXAEHUU PYHKUUM y = f(X), yaosneTteopsroweir ON1Y u Heckonb-
KUM KpaesbIm ycrosuam suaa y(a)=A, y'(b)=B v 1. a. B obwem cnyuae
OLY v KpaesbIe YCNOBUS MOTYT 6bITb HENTUHEMHBIMM,

OoHUM U3 MeTOAOB pellieHUs KpaeBOW 3aAaYU SBfISeTCS MeTOoA CTpesib-

6bI, KOTOpBIM COCTOUT B creaytolem. Mcxoasa U3 Ha4anbHLIX YCJIOBUMA U Hyfne-
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BOTO NMpUBIIUXEHUA (P UCKOMOro NnapameTpa, HaXoAaT COCTOSIHUE CUCTeMBI B
nocneayrolwme MOMeHTbL BpeMeHU 7 +iIA7 (AenaroT nepsbin BbIcTpesn). On-
pefenatoT, KaK CUMbHO OTNIUYAETCS COCTOAHUE cucTembl S(@g,!') B MOMeHT ¢’
OT COCTOSHWS, 304aBAeMOro KpaesbIm ycnosuem y(t') = 4. Ysenuuuearot na-
pameTp @ Ha A@ U NOBTOPAOT pacyeTbl NpU @ = @y + A (BTOpOU BbICTpEN),
CHOBA onpepenss, HACKONbKO npubnusunoce coctoaHue S(¢,t') k y(t') = 4.
Ecnu | S(¢p,t')— y(t') | ymeHblMNOCH, TO NPOAONIKAFOT YBENUUYUBATD MCKOMBIN
napameTp @, KAXALIU pas oTcnexmeaa senuuuHy | S(¢;,t')— y(¢')| o Tex nop,
MOKA OHA He Ha4HeT yBenUYMBATbCA. 3HaYeHue @;, MpU KOTOPOM OHAa MUHU-
ManbHa, U ecTb pelleHuWe 3aaaum ¢ ToyHoCcTbro A@. TIpu HeobxoammocTu
MOXHO MOBTOPUTbL 3Ty Npoleaypy C MeHblumm Wwarom A¢@. B kavectse npume-

pa paccCMOTPUM 3aAaYy O NOpPaXeHUU Lenu 6annUCTUYECKUM CHapAAOM.

YA <.z2000000000E-01

Hean
""—-.._‘_‘i

=Y

0

Puc. 2.4. OnpepneneHuwe HanpasneHUs CTBOSIG MeTOAOM CTpesibbbl

3anaua 8. M3 nywku Bbrnetaer cHapaa ¢ uU3BeCTHOU ckopocTbro. Onpe-
AenuTe yron o, NoA KOTOpbIM Heo6XO0AMMO Mpou3sBecTU BLICTpesn ANs TOro,

4TO6LI CHapaA nonan B Uenb C KoopAUHATAMMU X|, ;. Cuna conpoTuBneHus,

AelCTBYOLAS Ha CHapaA, NPOMOPLMUOHATbHA ero CKOPOCTU.
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TTpu ABUXeHUU CHapaAa Ha Hero CO CTOPOHBLI BO3AyXa AeUCTBYeT cuna

conpotusneHus I, =—rvU. 3anuiem BTOpOU 3aKoH HbroToHa mg —rU = md B

KOHeUHBIX pa3sHOCTAX, UCMOJIb3ya anroputm Bepre B ckopocTHOM opme:

a?rl:—rufc/m, a;H:—g—rU;/m,
t+1 _ t ¢ t a2 t+1 _ ¢ t+1 | ¢
X =x +u,At+a, At /2, vy =vi+(a, +a,)At/2,
ylurl =y +U§,AT +a§,A12 /2, U;H = U; +(a§/+1 +a§,)Ar/2,

Ona peweHus 3aaa4M UcCnonb3yeTcs MeTon CTpesbbbl: B nporpamme
TTP-8 onpepensetcs TpaekTopusa ABUXEHUS CHAPSAA MPU 30AGHHOW HAYaNbHOU
CKOpPOCTU U MPOU3BOSIBHOM Yrne o MexAay CTBONOM OpyAUs U TOPU3OHTANbHO.
Ecnu cHapaa He nopasun uenb, TO Yron @ YBenUYUBAFOT HA HEKOTOPLIW Liar
Ao v nosTOpArOT pacyerT, 3aTem ellie pas U elle pas A0 Tex Nop, NoKa CHapsA
He nonageT B Lienb. ickomoe 3HavyeHue yrna B paavaHax BbIBOAUTCA HA 3KpaH
KomnbroTepa. 3aaava umeeT Aga pelweHus. Ha puc. 2.4 nokasaH pesynbrar

HaxoxaeHuna oaHOro U3 HUX.

2.5. MeToAabl YNCNEHHOIO MHTErpUpPoOBaHUA

MHorve 3aaa4u CBOAATCS K BBIYUCIIEHUHO UHTerpana - Cymmbl 6eckoHeu-
Ho 6onbworo uncna 6eckoHeyHO Mmanbix BenUYUMH. OH YUCreHHO paseH Mio-
WaAU KPUBONUHEUHOWU Tpaneumu, OrpaHUYEeHHOU TPapPuUKOM UHTerpupyemou
PYHKUMU ¥ = f(X) U Npeaenamm uHTerpupoBaHua a u b. TTpu ucnonbsosa-
HUN MeTOAG NPAMOYrOSIbHUKOB 3Ty KPUBOJSIMHEWHYHO Tpaneumto pasbusaroT Ha

N npamoyronbHbIX NONOCOK WUpUHOU Ax = h=(b—a)/ N , AnvHa Kaxaow us
KOTOpbIX paBHa J); = y(a+iAx). DnemeHTapHas nnowaab  NOMNOCKU
AS; = y(x;)Ax. Vickomas nnowaab S pasHa cymme:

N b
S= lim Y y(x;))Ax = [ y(x)dx.

N —>x© i=1 a

[na ycneHHOro HaxoxaeHUs UHTerpana AoCTaTOYHO OnpeAenUTb CYMMY:
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N
S= Y y()Ar.
i=1

Yem meHblwe war s = Ax v 6onbwe N, Tem TOUHee pe3ynbTaT BbIYUCTIEHUN.

Bonee TOYHOE 3HaYeHWe WHTerpana MOXHO HAUTU MeTOAOM TpaneLui.
OH 3aknrovaeTca B TOM, UTO KaX/Aas -9 NOSIOCKA 3ameHaeTca Tpaneuuel BbI-
cotoh h=Ax c ocHoBaHuamu y; = y(a +iAx) u y;.1 = y(a+ ([ +1)Ax), no-
3ToMy ee nnowgaab pasHa AS; =(y; +y;.1)Ax/2. WNHTerpan paBeH cymme
3MeMeHTapHLIX Nrolaaen Bcex TpaneLeBUaHbIX NOMOCoK:

o %y(xi)w(xm)m.
i=1

3anaya 9. Mimeetcsa HeoaHOpOAHAS MNACTUHA, OFPAHUYEHHAS (PYHKLMEU

y=\/;, ocbro abcumcc, npamovi x =2. TTNOTHOCTb NNACTUHLI 3GBUCUT OT

koopauHater: p(x,y)=2+0,4y + O,2x2. Hanaute MOMeHT uHepuuu nnacTm-

HbI OTHOCUTenbHO ocu OX.

-~ p(x,Yy)

0! x xt+dx x

Puc. 2.5. HaxoxaeHue momeHTa UHepLMU HeOAHOPOAHOM NNACTUHBI

BbrumcneHve momeHTa UHepUUU Tena CBOAUTCA K UHTErpUpPOBAHUIO MO
06 beMy U HaAXOXAEHUHO CYMMBI 311IeMeHTApHbIX MOMEHTOB UHepumu. Pasobbem

Teno Ha 3nemeHTapHble obbvembl dV =h-dx-dy maccamum dm=p-dV,
UMEFOLLUMU MOMEHTBI UHepLUUU oTHocUuTenbHo ocu Ox dI = yzdm (puc. 2.5).
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[na HaxoxAeHUs CyMMBbI BCeX 351eMeHTapHbIX MOMEeHTOB UHepuuu dI opra-
HU3YHOT ABG BFIOXEHHLIX LMKIA, B KOTOPLIX MepebuparoTcs U CymmupyroTcs

Bce dI (nporpamma TTP-9).

3apaua 10. Onpepenute cuny rpaBUTALUOHHOIO MNPUTSXEHUS, OEUCT-

BYFOLLYHO CO CTOPOHbI WapoobpasHoro Tena paauyca R Ha martepuanbHyro
TOYKY MACCOW 7, HAXOAAWYHOCA HAa paccTosHuu z' ot ueHTtpa. TTnoTHocTb

wapa p(r)=100/(r+0,1), rae r - pacctoaHue ot ero ueHtpa O (puc. 2.6.1).

Puc. 2.6. HaxoxaeHWe cunbl NpUTSXEeHUS NPOTAKEHHbIX Ters

PacnpeaeneHue nnoTHOCTU WapoobpasHOro Tena, a 3HaYUT U ero rpasu-
TaUMOHHOe none, o6naaaroT LEeHTPAanbHOUM CUMMETpUel, MOo3TOMY 3aaavy
cnefyeT pellaTb B C(pepUYecKor cucteme KoopauHat. Beibepem snemeHTap-
HbIA 0bbem AV:rzArAgoAQ, ero macca Am= p(r)AV, a KoopAVHATbI

x=rsinfcosp, y=rsin@sine, z=rcosf. PacctogHue OT 3nemeHTApHOU

maccel Am; [O TOUKU m PpaBHO d; = \/ xl-2 + yl-2 + (z'—zl-)2 , Mexay HUMU OeUcT-

2 —
ByeT cuna nputaxenus: AF; = GmAm; /d; . Tak kax Bektopa AF; cummeTtpuu-
HbI OoTHocuTenbHO ocu Oz u 06pasyroT € Hew yron Q;, TO pe3ynbTUpyHoLas

CWUNa HanpaeneHa NpoTUBONoNoxHo ocu Oz U pasHa:

n n . Am.: [
F=F, =) AF.cosa; :ZAFl-l—l:ZGm ;nl l—l
i-1 -1 d; o1 df d,

1 1

’
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rae i=12,...,n, n - yucno anemeHTapHeIXx macc Am;, [; =z'-rcos0;. TTpo-
rpamma TTP-10 ansa pacyeTa UCKOMOU cunbl I COAEpXUT BrOXeHHbIe Apyr B

ApYra UMKIbI No 7, No ¢ u no 0, nossonstowme nepebpatb BCe 3nemeHTap-

HbIe MAaccbl Tena, paccuymTatb U MPOCYMMUPOBATL Npoekumu cun AF; Ha ocb

Oz.

3apaua 11. Onpepenute cuny rpaBUTALUOHHOIO MNPUTSXEHUS, OEUCT-
BYFOLLYHO MeXAy HeOAHOPOAHBLIM AUCKOM paanycom R, TONWWHOW h v oaHo-
POAHBIM CTepXHeM MACCOU 7y, KOHUbI KOTOPOrO UMerOT KOOpAMHATHI a WU
b > R. 3aBUCUMOCTb NNOTHOCTU AUCKA OT koopauHatel: p(r)=100/(r+0,1),

rae r - pacctosHue ot ero ueHTpa O.
PacnpeneneHue maccer obnapaaet oceBor cummeTtpuelt, byaem mucnons-
30BATb MONAPHYHO U AeKApPTOBYHO cuUcTembl koopauHat (puc. 2.6.2). Pasobbem

AUCK Ha 7 3NeMeHTapHbIX obbemoB AV =rhApAr ¢ koopavHaTamu
X;=rcos@, y;=rsing u maccamum Am = p(r)AV = p(r)rhApAr. CtepxeHb
PACCMOTPUM KakK Kk 3nemeHTapHbeIX macc Amy=my/k ¢ koopavHaTamu

xjj=a+jAx, rae j=12,..k. PacctosHue mexay Am; v Amy; pasHO

djj = \/(xl- + xlj)2 + yl-2 . TTpoeKkums cuner AF Ha ocb Oz pasHa

m:Amy ;[
AF:; AF cosa;; =G U

ij,z ij 2 !

Tak Kak cosqy =l /dy, [y =x1; —1;cosg;. B ucnonbsyemon nporpamme

ij J
TTP-11 nepebupatotca Bce snemeHTapHeie maccer Am; w Amy; oboux Ten,

onpeaensroTca U CYMMUPYHOTCS MPOEKLMU CUN NpUTsSxeHus Ha ocb Oz.
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MpunoxeHue K rnase 2

B npunoxeHuu npenctasrneHbl TeKCTbI MpOrpamm, no3sonskowme pe-
WKUTb PaCcCMOTpeHHbIe BbIlwe 3aAaaun. OHu HanucaHbr B cpeaax MS-DOS
Qbasic 1.0, Borland Pascal 7.0, Free Pascal 1.0.10.

TTporpamma TTP-1
uses crt; var x,yl,y2,y3,a,b,h,S :real;
Function Funct(x:real) :real; {Pascal}
begin Funct:=3*x*x*x-3*x*x+4; end;
BEGIN clrscr; x:=2; h:=0.001;
yl:=Funct(x-h); y2:=Funct(x); y3:=Funct(x+h);
Writeln('llepBast npomsBogHass ', (y2-yl)/h:3:3);
Writeln ('Bropass npomuseogHas ', (yl-2*y2+y3)/(h*h):3:3);
a:=1; b:=3; x:=a; S:=0;
Repeat S:=S+0.5* (Funct (x)+Funct (x+h)) *h; x:=x+h;

until x>b; Writeln('MuTerpan ',S:3:3);
Repeat until KeyPressed;
END.
TTporpamma TTP-2
dt = .2: FOR t = 0 TO 10 STEP dt 'QBASIC

x0 = x: y0O = y: vx0 = vx: vy0 = vy

x =3 * COS(t): y =2 * COS(3.7 * t + 2)

vk = (x - x0) / dt: vy = (y - y0) / dt

ax = (vx - vx0) / dt: ay = (vy - vy0) / dt

vv = SQR(vx * vx + vy * vy): aa = SQR(ax * ax + ay * ay)
cosa = (ax * vx + ay * vy) / (aa * vv): at = aa * cosa:
IF at < aa THEN an = SQR(aa * aa - (at * at))

PRINT t; x; y; vv; aa; at; an

NEXT
END
TTporpamma TTP-3
SCREEN 12 '"QBASIC
LINE (0, 400)- (640, 400): LINE (20, 0)-(20, 480)
'DEF FNN (x, y) = -y + 3

'DEF FNN (x, y) = -y - .5 * x + 4
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DEF FNN (x, y) = SIN(x)

FOR j = 0 TO 3

dx = .01: y = .5 * j

FOR i = 1 TO 1000

Xx =1 *dx: y =y + FNN(x, y) * dx
CIRCLE (20 + 50 * x, 400 - 100 * y), 2

NEXT: NEXT
END

TTporpamma TTP-4
SCREEN 12 "QBASIC

LINE (0, 240)-(640, 240): LINE (20, 0)-(20, 480)
y = 20: dx = .01

FOR i = 1 TO 5000

X =x + dx

pr2y = 5 * SIN(x) - .1 * prly - 1.2 * y

prly = prly + pr2y * dx : y =y + prly * dx
CIRCLE (20 + 12 * x, 240 - 5 * y), 2

NEXT

END

TTporpamma TTP-5
SCREEN 12 'QBASIC
LINE (O, 400)-(640, 400)
LINE (20, 0)-(20, 480)
DEF FNN (x, y) = 2 * SIN(x) + .5 / y
'DEF FNN (x, y) = -y *y + .2 * x
y =1: dx = .01
FOR i = 1 TO 1500
X = 1i * dx: kl = FNN(x, y)
k2 = FNN(x + dx / 2, y + dx * k1 / 2)
k3 = FNN(x + dx / 2, y + dx * k1 / 2)
k4 = FNN(x + dx, y + k3)
y=y+dx / 6 * (kI + 2 * k2 + 2 * k3 + k4)
CIRCLE (20 + 40 * x, 400 - 50 * y), 2
NEXT
END

TTporpamma TTP-6
SCREEN 12 "QBASIC
LINE (O, 240)-(640, 240): LINE (20, 0)-(20, 480)
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DEF FNN1 (x, y, prl) = SIN(x) - .25 * prl - .9 * SIN(y)
y =2: v=0: dx = .01

FOR i = 1 TO 8000

x =1 * dx: kl = FNN1(x, y, prl)

k2 = FNN1(x + dx / 2, y, prl + dx * k1 / 2)

k3 = FNN1(x + dx / 2, y, prl + dx * k2 / 2)

k4 = FNN1(x + dx, y, prl + k3)

prl = prl + dx / 6 * (kl

+ 2 * k2 + 2 * k3 + k4)

y =y + prl * dx

CIRCLE (20 + 8 * x, 240 - 50 * y), 1
NEXT

END

TTporpamma TTP-7
Uses crt, graph;

Const dt=0.01; k=40; m=0.5; r=0.05; {Pascal}
Var x,xx,v,a,xp,vp,ap,tp,t,x1,vl,al real;
DV,MV : integer;
BEGIN DV:=Detect; InitGraph (DV,MV, 'c:\bp\bgi') ;
x:=1; x1:=1;

Repeat xx:=x; a:=-(k*x+r*v)/m; tp:=t+dt/2;
xp:=x+v*dt/2; vp:=v+a*dt/2;
ap:=- (k*xp+r*vp) /m; v:=v+ap*dt; x:=x+vp*dt; t:=tp+dt/2;
line (round (t*40) ,240-round (150*x) ,

round( (t-dt) *40) ,240-round (150*xx) ) ;
al:=-(k*xl+r*vl)/m; vl:=vlit+al*dt; x1:=x1+vl*dt;
circle(round (t*40) ,240-round (150*x1) ,1) ;
until KeyPressed; CloseGraph;
END.

TTporpamma TTP-8
uses crt, graph;
var x,y,vVxX,vy,ax,ay,axp,ayp,v,Fx, Fy,alfa real;
Gd, Gm, i: integer; ugol: string; Label metka;
const m=100; dt=0.005; r=1.5; xc=490; yc=30;
BEGIN Gd:= Detect; InitGraph(Gd, Gm, 'c:\bp\bgi');
Line(10,0,10,450); Line(0,450,640,450) ;
Circle (xc+10,450-yc,2); v:=10;
For i:=1 to 40 do begin x:=0; y:=0;

{Pascal}
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alfa:=0.6+0.02*i; str(alfa,ugol);
vx:=v*cos (alfa); vy:=v*sin(alfa);
Repeat Fy:=-3; Fx:=0; axp:=ax; ayp:=ay;
ax:=(Fx-r*vx) /m; ay:=(Fy-r*vy)/m;
vx:=vx+ (ax+axp) *dt/2; vy:=vy+(ay+ayp) *dt/2;
x:=x+vx*dt+axp*dt*dt/2; y:=y+vy*dt+ayp*dt*dt/2;
Circle(round(x)+10,450-round(y) ,1) ;
If sqr(x-xc)+sqr(y-yc)<16 then goto metka;
until (y<0)or (KeyPressed); end;
metka: OutTextXY (10,10,ugol);
Repeat until KeyPressed; CloseGraph;
END.

TTporpamma TTP-9
dx = .05: dy = .05: h = .02 'QBASIC
FOR x = 0 TO 2 STEP dy
WHILE y < SOR(x)
y =y +dy: rho=2 + .4 *y + .2 * x * x
dVv =dx *dy * h: I =I + rho *dvV *y * vy
WEND: NEXT: PRINT I
END

TTporpamma TTP-10
CLS: dr = .1: dtheta = .1: dfi = .2 "QBASIC
m = 1: rhol = 100: z1 = 20
FOR r = 0 TO 3 STEP dr
FOR theta = 0 TO 3.14 STEP dtheta
FOR fi = 0 TO 6.28 STEP dfi
IF r < 1 THEN rho = 100 ELSE rho = 100 / ¢
z = r * COS(theta): y = r * SIN(theta) * SIN(fi)
X = r * SIN(theta) * COS(fi)
dm = rho * r * r * dtheta * dfi * dr
rast = SQR(x * x + y *y + (z1 - z) * (z1 - z))
1l =2z1 - r * COS(theta)
F=F+m@%*dm* 1/(rast * rast * rast)
NEXT: NEXT: PRINT F, r: NEXT
END
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TTporpamma TTP-11
CLS: dr = .1: dfi = .05: rhol = 100 '"QBASIC
dxl = .1: dml = .2 * dx1: h = .1
FOR x1 = 5 TO 6 STEP dxl
FOR r = 0 TO 3 STEP dr
FOR fi = 0 TO 6.28 STEP dfi
IF r < 1 THEN rho = 100 ELSE rho = 100 / ¢
x =r * COS(fi): y = r * SIN(fi)
dm = rho * h * r * dr * dfi
rast = SQR((x - x1) * (x - x1) + y * y)
1 ==x1-r * COS(fi)
F=F+dml *dm *1 / (rast * rast * rast)
NEXT: NEXT: PRINT F, r, x1: NEXT
END
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